Abstract: We prove that the global minimum of the real part of the full effective potential of the many electron system with attractive delta interaction is in fact given by the BCS mean field configuration. This is a consequence of a simple bound which is obtained by applying Hadamard's inequality to the functional determinant. The second order Taylor expansion around the minimum is computed. *
I. Introduction and Results
In this article we consider the effective potential V of the nonrelativistic many electron system with attractive delta function interaction. In momentum space, it reads V ({φ q }) = where g 2 = λ > 0 is an attractive coupling, C = (δ k,p C k ) k,p is a diagonal matrix with entries C k = 1 ik 0 −ε k +µ , ε k = ε −k being the single particle energy momentum relation and µ denoting the chemical potential. In the following we set e k = ε k − µ such that the Fermi surface is given by e k = 0. Furthermore φ is a short notation for the matrix (φ k−p ) k,p . The momenta k = (k 0 , k), p = (p 0 , p) range over some finite subset of > 0. To be specific, choose
where 1 < < ν < ∞ is some cuttoff. The momenta q = (q 0 , q) are given by q ∈ {k − p | k, p ∈ M ν }. It is widely believed that the global minimum of the real part of V (in general, the determinant in (1) is complex) is given by the mean field configuration φ x = const in coordinate space or φ q ∼ δ q,0 in momentum space [1, 2, 3] . Although this is suggested by diagrammatic arguments [4] , there was, to the authors knowledge, no rigorous proof of that. In Theorem 1 below we show that this result can be obtained by applying Hadamard's inequality (the absolute value of the determinant of n column vectors is less than the volume of the cube spanned by the n vectors) to the determinant in (1) .
More precisely, all global minima of the real part
of V are given by
where θ ∈ [0, 2π] is an arbitrary phase and ∆ 2 = λr 2 0 is a solution of the BCS equation
Equation (4) describes the BCS mean field configuration. In Theorem 2 we expand V up to second order in ξ = (ξ k−p ) k,p where
We remark that a priori there is no need to introduce a small external field to fix the phase θ 0 and then to expand with respect to radial and tangential components as it is usually done like in [2] or [3] . The expansion around ξ gives
where V min ∼ βL d ∆ log(1/∆) is identical the global minimum of the BCS effectiv potential
and the coefficients α q , β q are real and positive and γ q is real. They are given in Theorem 2 below. In particular, α q ∼ q 2 for small q.
The error term in (7) is not uniform in the coupling λ. Since β q → 0 and α q + iγ q → 1 for λ → 0 (see (54)), equation (7) becomes in the limit λ → 0
or |φ 0 | 2 = O(ξ 3 ). The reason for this can already be seen if one expands V BCS above around its minimum r 0 . One obtains, abbreviating E
where in the last line the BCS equation (5) has been used. Since
, the quadratic term on the right hand side of (10) goes to 0, whereas the third and fourth order terms diverge.
Thus it is not clear to what extent one may draw conclusions from the quadratic approximation. Nevertheless, we write down the results for the partition function and the expectation value of the energy obtained by using (7). To this end we shortly recall the relation between the Hamiltonian and the functional integral representation of the model. One may look in [5] to see more explicit computations.
The Hamiltonian for the many-electron system with delta interaction in finite volume at some small but positive temperature T = 1 β > 0 described in the grand canonical ensemble is given by
We are interested in the grand canonical partition function T r e −βH , in the correlation
and in the expectation value
In terms of Grassmann integrals, the perturbation series for the normalized partition
andΛ(q) is given byΛ
where
By making a Hubbard Stratonovich transformation, that is, by applying the formula (
p ψ p↑ψq−p↓ , g q = √ λ q , the exponent becomes quadratic in the Grassmann variables and the fermionic integral can be performed. The result is
where, if the λ q 's are not all equal, instead of (1) V is given by
where (gφ) stands for the matrix (g k−p φ k−p ) k,p . To perform the λ q -derivative, one may change variables to obtain
For the ideal Fermi gas λ = 0 the above formula gives 0 0 . In that case one may use (15) to obtain
which is the particle particle bubble.
If one substitutes V by the second order approximation
the integrals in (17,19) become Gaussian and can be performed. The results are (the index "2" in the following means that V 2 instead of V has been used)
and, since γ −q = −γ q ,
In particular, since α q ≤ const
which, for L → ∞, is infrared singular for d = 1 and, since q 0 = 0 is an allowed value for positive temperature, also logarithmically divergent for small q in d = 2. A similar observation is made in [3] .
II. Proof of Theorems
Theorem 1: Let ReV be the real part of the effective potential for the many electron system with attractive delta interaction given by (3) . Let e k = ε k − µ satisfy e k = e −k and: ∀k e k = e k+q ⇒ q = 0. Then all global minima of ReV are given by (4) ,
where r 0 is a solution of the BCS equation (5) or, equivalently, the global minimum of the function (8)
More specifically, there is the bound
+ log Π
where φ
since the products in (26) are less or equal 1.
Proof: Suppose first that (26) holds. For each q, the round brackets in (26) are between 0 and 1 which means that − log( Πq · · ·) is positive. Thus
which proves that φ q = δ q,0 βL d r 0 e iθ are indeed global minima of ReV . On the other hand, if a configuration {φ q } is a global minimum, then the logarithms in (26) must be zero for all k ∈ M ν which in particular means that for all q = 0
and for all k ∈ M ν and q = 0
which implies φ q = 0 for all q = 0. It remains to prove (26).
To this end, we write (recall that
If | b k | denotes the euclidean norm of b k , then we have
Therefore one obtains, if
From this the inequality (27) already follows since the determinant on the right hand side of (34) is less or equal 1. To obtain (26), we choose a fixed but arbitrary momentum t ∈ M ν and orthogonalize all vectors e k , e ′ k ′ in the determinant with respect to e t . That is, we write
Finally we apply Hadamard's inequality,
,j≤n is a complex matrix, to the determinant on the right hand side of (35).
Since
or with (31) and (34)
Finally one has
and 
and
Proof: We abbreviate κ = βL d and write
where igr 0 e iθ 0 ≡ igr 0 e iθ 0 Id in the determinant above. Since
and because of
where γ = r 0 e iθ 0 and ξ = (ξ k,p ) is given by (40), the quotient of determinants in (45) is given by
one obtains to second order in ξ:
One has 
Using the BCS equation (5),
this becomes
Re e −2iθ 0 φ q φ −q λ κ k
Re e −2iθ 0 φ q φ −q 
